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Plane stress
assumption

Consider a thin plate without out-of-plane

loads, then 05,=0, 1,5=T,5=0.

In this case we can assume that these
stresses are also zero inside the (THIN) plate.

Then, the three-dimensional stress-strain
equations can be reduced to two dimensional.



Thin plate theory
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Therefore, the only non-zero strain tensor components are
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Lamina (thin layer) of orthotropic material:| plain stress 03 = 04 = 0g =
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Lamina (thin layer) of orthotropic material:| plain stress
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Q: reduced stiffness matrix

on-axis orthotropic
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Material’ s Constants

522 1 Ey
— S.. = Q —
Qll 511522 — 5122 H El H 1 _ v21v12
0 512 Sy, = _N2 0,, = v12E>
= — 12 —
12 511522 — 5122 1 El 1 — 72'217712
Sll 522 = Q = 2
= E 22 — .
922 5,150 — 517 i G
1 Seq = Qe = 12
Qo6 = S_ G12
66

UD lamina is a special case of orthotropic lamina, since normal stresses applied in the
1-2 direction do not result in any shearing strains in the 1-2 plane. This happens
because Q,;=Q,=S5=S,=0. This comment also applies for woven composites.



Plane stress — off axis
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Off-axis or general orthotropic lamina
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Transformed reduced compliance matrix

From the previous equations referring to the unidirectional lamina loaded
in the material axes directions (on-axis), no coupling occurs between the
normal and shearing terms of stresses and strains.

However, for an angle lamina (off-axis), as indicated in these last
equations, coupling takes place between the normal and shearing
components of stresses and strains.

Thus, if only normal stresses are applied to an angle lamina, then the
shear strains are non-zero and vise-versa if shear stresses are applied,
the normal strains are non-zero.

That is why the angle ply lamina is called Generally Orthotropic Lamina.



Engineering constants of the off-axis lamina
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Finally, six constants.

However, these six constants can be expressed as functions of the four engineering
constants of the unidirectional ply; E4, E,, V45, G4,. (4 and not 5 since we are in 2D)

m,,, my;, i=X,y: Coefficients of shear coupling (Chentsov coefficients)

e
mg; = — :Is the ratio between the normal strain along the i-direction, caused by shear stress o,
€ over the corresponding shear strain.

e
m. = — :lIs the ratio of the shear strain over the normal along i-direction
€ due to the normal stress along the same direction.



An angle-ply, balanced, asymmetric laminate presents coupling between the normal force and the
shear strain
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J. E. Ashton, J. C. Halpin, P. H. Petit, “Primer on Composite Materials: Analysis”, Technomic 1969



Elastic constants vs off-axis angle
for a graphite/epoxy lamina

Elastic modulus E, Elastic modulus E,
200 200
150 \ 150 | /
© r \ © r /
o L o [
© 100 | © 100 |
uf i \ uf E /
50 50 |
0 L L L L L L L L L L L L L L L L L L 0 L L L L L L L L L L L L L L L L L
0O 10 20 30 40 50 60 70 80 90 0 10 20 30 40 50 60 70 80 90
Angle (6) Angle (6)
In-plain shear modulus G, Poisson's ratio v,,
10 0.30 r
[ 0.25 |
T 9 0.20 |
% | = s
S | £ 015 |
G 8 0.10 |
i 0.05 |
7 B L L L L L L L L L L L L L L L L L 000 E L L L L L L L L L L L L L L L L L
0 10 20 30 40 50 60 70 80 90 0O 10 20 30 40 50 60 70 80 90
Angle (6) Angle (6)

E, =181GPa, E, =10.3GPa, G, =7.17GPa, and v, =0.28
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Shear couplling coefficient m, Shear couplling coefficient m
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The values of the shear coupling coefficients present the normal-shear
coupling in the laminate.

Compared to Poisson’ s ratio they have extreme values which means that the
normal-shear coupling have a stronger effect.

This phenomenon is missing in isotropic materials and unidirectional plies,
but as shown herein cannot be ignored in angle plies.

E =181GPa, E,=10.3GPa, G, =7.17GPa, and v, =0.28
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Laminate
analysis



Laminate analysis / mechanics of lamina S

« OBJECTIVE: Develop relationships between mech:
applied to a laminate and stresses/strains in each c
laminae (or plies or layers) that comprise that lamir



The problem

» Given external loads on a laminate
(tensile/compressive, shear, bending or
torsional) determine stress and strain

fields on each ply




Force and moment resultants on a laminate

« Force and moment resultants are the normal force, shear
force, bending moments and twisting moments that could
be applied on a laminate, PER unit length.

 The units of force resultants: Pa-m or N/m
 The units of moment resultants: Pa-m? or Nm/m

N,N,N, (Pa-m or N/m)
M, M, M, (Paz—m2 or Nm/m)



Force resultants

It is possible to substitute the stress

resultants with the global average stresses
of the laminate (which are fictitious)

Ny
Oy = ——
h
Ny Nx h/z Gx
Oy = 7 %y = gy dz
S —h/2 \7S
. _qilzl o NS
: : s —
| . h
stresses
i 4 *ﬂ‘rdisplacemant



Moment resultants

* M,: The moment resultant along x
direction due to the stress o, over
a unit width along the x direction
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Force and moment resultants at the mid-plane

z
A

Derive the
constitutive
equations:

}/ X

Instead of stresses throughout the laminate thickness, we use an equivalent system of force and
moment resultants applied in the laminate mid-plane:

h/2
N 1 T 4 P B R o B

Ny
Ny =
N —h/2 s Ms —h)2 O —h/2




Strains for an Isotropic beam

X
v £

X
Y Z

X
y Z

P Vi
O- —_— 8,r:
x Y A
M M
O, =—2Z E =—2Z
1 YA

If we define as g, the mid-plane strain and k
the curvature of the beam then

gD
E =—+2Z2|—
R A

This means that during simultaneous
application of axial forces and bending
moments the strain varies linearly through the
thickness of the beam.



Stress and strain in a laminate

0 degs

30 degs
60 degs
90 degs

Strain Stress S_tre§s |
distribution of distribution of dlStrlb_utlon O_f
the beam an isotropic an anisotropic

homogeneous homogeneous
beam laminated beam



Stress strain relations for a laminate

» Classical Lamination Theory (CLT) is used
to develop relationships between applied
loads on a laminate and strains/stresses in
the layers of it.

» CLT is based on the following assumptions



Assumptions of CLT

— Each lamina is orthotropic
— Each lamina is homogeneous

— A line straight and perpendicular to the middle surface
remains like this during deformation, i.e., y,,=0, y,,=0

€ Su S1z2 0 [(0a
— The laminate is thin and loaded only in its plane (plane {;’122]=l551 %22 S"]{“}
stress) which means that o,=1,,=7,,=0.

— Displacements are continuous and small
— Each lamina is elastic
— There is no delamination between successive laminae.



Strains in a laminate

The displacement field for a laminate is a function of the displacements of the mid-plane.
(Love-Kirchhoff theory, in fact is the 2-D extension of the Bernoulli beam theory).

[0)
8.?(' gx éx
p— 0 - < >~
1 €, =1 €, + z A’y
(0]
65‘ 65 kj‘




Therefore, the strain through the thickness of a laminate is always linear...although the stress...
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Laminate stress strain relationships

V() — — — (#)
9, g” g” g” € _  Are called the elements
o, = 2, 2, O, e, | Q of the transformed
— = = i reduced stiffness matrix
s O, Oy O = Y and are given by:

Q

o = Quam* + Qpn* + 2(Q12 + 2Qg6)m*n?

xy — (Q11 + Q22 — 4Qg)m*n* + Q1,(m* + n*)

Q

Qyy = Q11n* + Qaam* 4 2(Q12 + 2Q66)m?*n?
gxs = (Qq1 — Q13 — 2056)m3n — (Qy — Q12 — 2Qge)n>m
Qys = (Q11 — Q12 — 2Q6e)Mn’ — (Q22 — Q12 — 2Q66)M’n

QS

o = (Q11 + Q22 — 2Q15 — 2Q66)Mm*n® 4 Qge(n* + m*)

Note that six elements are in the transformed stiffness matrix, however, by
looking at the equations they are functions of the same four stiffness

elements Q,;, 0,5 O,, O
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Equation

Can be re-written as

1(4)

1(4)
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Similarly, for the moment resultants:

A=l

M = i: 7 o) zalr = z”: 7 Q_Wa‘gz az + 7 Q—@)A’ZZ az

M ¥ Bxx Bxy Bxs € j Dxx ny st

M = s 3 v+l DD D
y Ay 3 s Y Ay J o

Ms Bxs b) s b)ss & j ny D s psy

3 .
—z, ), 1,] = X,V,S.

SENES

_’Q\ :*Ql "Q\

R fQI jQ\




Finally:

( v 7 | Extensional
N, A, Coupling
j\/; AXJ /
v |2 N |_| 4 B €
x xr M B D A’
M Y -
b o 1 . .
- ——_ Bending stiffness or
M
| s flexural
Constitutive equations for a general laminate




Coupling in the laminates

N, Ax Ay A (53\ A;: extensional stiffness matrix
N, Ay Ay Ay £,
No| |As Ay A € B.: coupling stiffness matrix
y L — ij
I\/Ix Dxx ny XS kx
M D, D, D.llk . _
M: X y Dyy D:s k: D;: flexural stiffness matrix

Xs ys
12 +(Bxax +@y +@>%ks

5 SO + DXX]:X + nyky + DXSkS 4_




Coupling in the laminates
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B Non-homogeneity
B Anisotropy



Example

Axx  Axy |Axs|| Bxx Bxy| |Bxs (€2

Also, if Q,;=Q,s=0, then A=A =D, =D, =0

wMz

wl»—\ Nlr—\

Z

B Non-homogeneity

A A AS B B BS Y .
v Ao sl By B sl || o ncisctropy
S

— Zk—-1)
213—1) —
(Zi — zi1) ) B =xys.
L )
ij
B = T(ZI% Zj_1)
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Example Il

Axx Axy [Axs||Bxx Bxy| [Bxs| reon BN Non-homogeneity
X
Ay Ayy Pysl| Bxy Byyl Bysl e I Anisotropy
Axs Ays| Ass | Bxs Bys| |Bss <e§’>
BXX BXY BXS DXX DXY XS kx g —(k)
Bxy By‘y Bys ny Dyy DVS ky Al] :ZQU (Zk_Zk—l)
(k) =1
Bxs Bys Bss |Dxs Dys| Dss| \Ks 1S o
Bij_i Qij (Zik — Zj—1 ]
k=1
n
: : IN50, 3 3 .
Consider a two-layer laminate, of D;; = §Z Qij (Zk = Zi-1), 1Lj=xys.
thickness h,: k=1

Z
f L n h, L 6(1) 6(2)

. By =——(zf —25) + ——(2f — z)
- ._._> X
—(1) —(2)
_ < 2 Qif 2 _
. B;j = T(O —(—ho)*) + T((ho) —0) = <
T o , =@ =
ho(Qij - Qij ) * 0

Also, because Q,;=Q,=0, obviously A=A, =D,=D =0



Symmetric laminates

A
[90/0]4 N
?]0 Q; (2)=Qy(-z)
h
\
90
0
| 0
# x 90
A

Calculation of coupling matrix Bj:



Therefore, for symmetric laminates, the coupling matrix, B, is always zero.:

%mo %mc

=}

)

N, A, A, A, || & [ g A"
1N (= Axy Ayy s | g; > g;’ %: A;;Y
§ Ns ) | Axs ¥s 55 L g: L 6‘: A:;s
( i 1 Coy

M, D, D, D, k. k D’
) My } - DXY DW DYS ) ky } p k } — Dr
L Ms st Dys Dss k ’ v

! U %) k D’
L5 )L
| o
If we dividing by the thickness of the v
laminate, h and solve for strains: ——» | T
J
o,
S Sxy Sk, O, where:
(= Sxy Syy Sys 1 % (
_ _ _ _ S 140 1 ar
) XS ys Sss 4 0-3 ) Sff o hAU o hAU

A, AL ([ v
A;y A;s 4 Ny } Al = A—l
A}'(s A;s L Ns

D;y D!, M.

' ' r__ -1
D, D, |§ M, > D'=D
D, D, || M

S
N

Effective properties



Engineering constants for symmetric laminates

Wmo "‘P’O mmc
Il
@m |
1
Qi Qi

19 | %:hA;:hAij'.

For symmetric, balanced laminates:

A
A =2 A =—= A=A A —A°
xx A x »w xy
A 1 s
Ar — Ixx Ar -
yy A . Ass
A4, 4, o Aud,— 4
x y
| hA,, h,,
A A
vV = Xy V. = xy G — 58
xy . » An xy h




Bending of symmetric laminates

Mx Dxx ny st X kx D;ﬂi D;)’ D;S Mx
s M, r=| D, D, D, § & ¢~ k, t=| D, D, D, M, ¢ p=p"
Ms st Dys Dss ks ks D;s D;rs D;s Ms
\ | _ g | | -
—(#) ..
D = ZQ (z — l) , 1J=X)Y,5.
— — — .k ‘
0\ ¥ gxx gxy gxs & k.,
{Gy} B ny ny st € t+z ky D
Os = - = 0 kg
Qsx st Qss *
— — — Sk
Oy k gxx gxy gxs k, 0
{Gy} - ny ny st ky Ex kx
o — — — =
O Q@ Qi {2} e



Flexural engineering constants for symmetric laminates

Consider a beam of thickness h and width b from orthotropic material (on-axis):

2 —(#)

1 L. é3 _
£=1

D
D-p s p=2 D Mg 2
DD, -D’ P 0,0,-0° B KL,
12

J — «— FE/ = <
Ex Ex * hsD;x

12
- / s /
Y  h3D h3D/s




Application of CLT



Problem statement:

Given the applied force and moment resultants on a
laminate, calculate stresses and strains at each lamina

Solution (6 steps)
STEP 1. For each ply calculate:

0, = E, O, = Q11m4 + Q22n4 + 2(Q12 + 20 m’n’®

I- v,,v —
Y 212 Qxy= (Q11+Q22- 4Q66)m2n2+Q12(m4+n4)
12859 _

1- v, v, ny = an4 + Q22m4 + 2(Q12 + 20 m’n’®

O = = Q. = (Q“_ Q2 - 204 )m3n- (sz' O, - 20 )n3m

0 =i;- Voo st = (Qn' Q12' 2Q66)mn3- (sz_ le_ 2Q66)m3n

st = (Qn + sz B 2Q12 B 2Q66 )m2n2 + Q66 (n4 + m4)

O,




STEP 2. For each ply calculate top
and bottom layer coordinates:

. p = STEP 3. Calculate elements of the
£ ¥ — Extensional [A], Coupling [B], and
T /’ Z: T . Bending stiffness [D] matrices for
) I : the entire laminate
#1 J
" 7 —(#)
h=2h 4,=2.0,(z,-7,)
A=1
Lz 1 & — 4
Pl .z, =—— |lop surface), _ 22
7 ha g e =220, (52
z, = —g +7 (bollom ywy?zee) £=1
-1 1 Z (A . -
Py £z, :_§+me (Zop smface) Dy = gzgy (Z; — Z;—l) , L]— 1,2,6.
m=1 =1

z, = —g—l——l—i—:llm (bollom su/ﬁzce)



STEP 4. Solve 6 equations and
calculate LAMINATES mid-plain
~ strains and curvatures

&, A, A4, 4, B, B, B, | c
N, , 4, A, B, B, B, || ¢
| Vo] Ae A A B B B o
M, 5, B, by Dy Dy, Dy || 4
M, B, B, B D, D, D || 4,
M, By By By Dy Dy Dy || £

STEP 5. With the location of each
layer known, calculate global
strains in each ply:

O -
gx 8X éx
0
- —— < >~ Z 3 >~
5}/ 67 + A’}/

M
n
L O
N



STEP 6. Use stress-strain equations to
calculate global stresses for each LAMINA.
X, Y is the global (laminate coordinate system) :
1, 2 are the principal axes of the lamina (local)

Oy (k) -Qxx éxy st Ex
{ } — ny ny Gys {83’}
_st éys st_

Local strains or stresses (at the fibers coordination system) can then easily
be calculated using the transformation equations:

01 m?  n? 2mn ] (%x
O =1 n> m? —=2mn |{%

3 —mn mn m?—n?l1\0;

m = cos(60) 1 m” n’ mn gx
_ Eypr = 2 2 — &
EY NE Y



Transformation of stresses

Stress transformation is
independent of the material
01 m2  n? omn 110y system. It is only related to the
[0‘2 ] - l ‘ [ ] angle (counted anticlockwise)
2 between the two coordinate
systems (in this case from x to 1).

m2 72 mn m? n? —2mn
ITl=| n2 m? —2mn ———— > [T]™' =[n2 m? 2mn
—mn mn m2 —n? mn —-mn m?—n?

Ox m? n? —2mn | [91 m = cos(0)
[O-y ] =|n? m? 2mn [02 ] n = sin(6)
O mn -—-mn m2—n?llog



i
T

Y

0wy

oy

Transformation of strains
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—2mn 2mn

m n

— n> m2
—2mn 2mn
m- H

=1l n m-
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—MmMn

mn
—mn
m? — n?

-
-

-y

mmn

m- —n

—Imn

(N

Y

(N

[y n
rJ —

< 2mn) —2mn m- —wn"

(n

oy

| —

m = cos(6)
n = sin(@)
m? n? —mn
[T]71 =] n2 m? mn
2mn  —2mn m? — n?

Strain transformation is
independent of the material
system. It is only related to the
angle (counted anticlockwise)
between the two coordinate
systems.



Example

Consider a Graphite/Epoxy laminate with stacking sequence [0/30/-45],. Each
layer has a thickness of 5mm. The laminate is subjected to a load of
N,=N,=1000N/m.

Material properties: E,=181 GPa, E,=10.3 GPa, v,,=0.28 and G,,=7.17 GPa.
Calculate
» Mid-plane strains and curvatures for the laminate

» Global and local stresses on the top surface of 30° ply

2,=-0.0075m
2,=-0.0025m
2,=0.0025m
2,=0.0075m




STEP 1. Calculation of reduced
stiffness matrix for each ply:

£ 18110’ A

= L — —181.8-10° A
o l1—v,», 1-0.016-0.28
A 28.10.3- 9
0, - vk, 028 10310&:2.897.1091%
l—v,y, 1-0.016-0.28
£ 10°
= 103107/ —10.35-10° A

2 91 _ppy. 1-0.016-0.28

21712

0.=G,=1717-10"Fa

12

181.80 2.90 0

[0lo=] 290 1035 0 |-10°Pa _ )
0 0 7.17 56.66 4232 4287

(0], =| 4232 5666 -4287 |-10°Pa
45

_ _ —42.87 4287 46.59
109.40 32.46 54.19 B B

0| =| 3246 23.65 20.05 |10’z
5419 20.05 36.74

STEP 2. see previous slide:



STEP 3. Calculation of extensional,
coupling and bending stiffness

matrices for the LAMINATE: )
A=) Ty (=7, = 126
k=1

| 181.80 290 0O
[4]=| 290 1035 0 |-10°Pa-|(—0.0025)—(—0.0075) |m
0 0 717

10940 3246 54.19
+| 3246 23.65 20.05 |-10°Pa-[0.0025—(—0.0025) |m
54.19 20.05 36.74

56.66 4232 -42.87 |
+| 4232 56.66 —42.87 |-10°Pa-[0.0075—0.0025]|m
—42.87 -42.87 46.59

1.74-10°  3.88:10° 5.66-10’
|4]=| 3.88-10° 4.53-10° -1.14-10° |Pam
5.66-10" -1.14-10° 4.52-10°




STEP 3. Calculation of extensional,
coupling and bending stiffness
matrices for the LAMINATE:

-3.13-10° 9.86-10°
[3]: 9.86-10° 1.16-10°
~1.07-10° -1.07-10°

3.34-10'  6.46-10°
[D]=| 646-10° 9.32-10°
52410 -5.60-10’

~1.07-10°
~1.07-10°
9.86-10°

-5.24-10°
-5.60-10°
7.66-10°

Pam’

Pam



STEP 4. Solve 6 equations for
LAMINATE’ S strains and curvatures

(&) - 1.30E-09 —-9.84E-10 -6.04E-10| 1.78E-07 -1.10E-07 1.63E—07
839 —9.84E-10 4.48E-09 —-156E-10) —148E-07 —-2.19E-07 2.48E-07

1.78E-07 —148E-07 —-5.49E-08)] 597E-05 —3.00E-05 3.01E-05
Ky —1.10E-07 -2.19E-07 3.12E-07 | —3.00E-05 2.47E-04 7.38E—-05
Ky ) | 1.63E—-07 248E-07 —3.93E-07] 3.01E-05 7.38E—05 3.13E—-04

Note that four parts of the
(€0 compliance matrix are not the

0 (3.13E—077 inverted A, B and D matrices!!!
0 —7.60E—07
Vxy \ =
Vo [~ 298E-05 (
Ky —3.29E—-04| 1/m
kyy) L 410E—04




STEP 5. Calculation of global strains at the top
surface of 30° ply:

z distance of the top surface of 30° ply is -0.0025m

e,  313E-07 298605 | | 2.38E-07
le, I =| 349E-06 |+(—0.0025)] -3.29E-04 431E-06 L/ m
7.60E-07 4.10E-04 _1.79E-06

Y

130%,/0p

STEP 6. Using stress strain relationship for 30° ply
the global stesses can be calculated as:

g, 109.40 32.46 54.19 2.38E-07 6.93E+ 04
10, | —=| 3246 23.65 20.05 |-10°-{ 431E-06 {Pa={ 739E+04 |
o 54.19 20.05 36.74 -1.79E-06 3.38E+04

300 : - . L J
g, 0.75 0.25 0.87 6.93E + 04 997E + 04
10, ¢ = 025 0.75 —-0.87 |-4 739E+4+04 {FPa=4 435E+4+04 {Fa
o, —043 043 0.50 3.38E+04 1.89E + 04
J30%mp " Tt ’ - ’




Global strains

Global stresses

30

top
middle
bottom
top
middle
bottom
top
middle

bottom

€X gy yXy (02 oy @Y
-0.0075 8.94E-08 5.96E-06 -3.84E-06 3.35E+04 6.19E+04 -2.75E+04
-0.005 1.64E-07 5.13E-06 -2.81E-06 4.46E+04 5.36E+04 -2.02E+04
-0.0025 2.38E-07 4.31E-06 -1.79E-06 5.58E+04 4.53E+04 -1.28E+04
-0.0025 2.38E-07 4.31E-06 -1.79E-06 6.93E+04 7.39E+04 3.38E+04
0 3.12E-07 3.49E-06 -7.60E-07 1.06E+05 7.75E+04 5.90E+04
0.0025 3.87E-07 2.67E-06 2.66E-07 1.43E+05 8.10E+04 8.43E+04
0.0025 3.87E-07 2.67E-06 2.66E-07 1.24E+05 1.56E+05 -1.19E+05
0.005 4.61E-07 1.85E-06 1.29E-06 4.90E+04 6.89E+04 -3.89E+04
0.0075 5.35E-07 1.03E-06 2.32E-06 -2.55E+04 -1.84E+04 4.09E+04
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Global strains through the thickness of the laminate
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Global stresses through the thickness of the laminate
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σx

σy

τxy

-0.0075

-0.0075

-0.0075

-0.005

-0.005

-0.005

-0.0025

-0.0025

-0.0025

-0.0025

-0.0025

-0.0025

0

0

0

0.0025

0.0025

0.0025

0.0025

0.0025

0.0025

0.005

0.005

0.005

0.0075

0.0075

0.0075



Sheet1

		Qbar 0 degs

												30		0.5235987756		0.8660254038

																0.5

		Qbar 30 degs		109.4		32.46		54.19

				32.46		23.65		20.05

				54.19		20.05		36.74				T min 1		0.75		0.25		0.8660254038

												for 30 degs		0.25		0.75		-0.8660254038

														-0.4330127019		0.4330127019		0.5

		1.74E+09		3.88E+08		5.66E+07		-3.13E+06		9.86E+05		-1.07E+06

		3.88E+08		4.53E+08		-1.14E+08		9.86E+05		1.16E+06		-1.07E+06

		5.66E+07		-1.14E+08		4.53E+08		-1.07E+06		-1.07E+06		9.86E+05

		-3.13E+06		9.86E+05		-1.07E+06		3.34E+04		6.46E+03		-5.24E+03

		9.86E+05		1.16E+06		-1.07E+06		6.46E+03		9.32E+03		-5.60E+03

		-1.07E+06		-1.07E+06		9.86E+05		-5.24E+03		-5.60E+03		7.66E+03

		1.30E-09		-9.84E-10		-6.04E-10		1.78E-07		-1.10E-07		1.63E-07				1000				3.13E-07

		-9.84E-10		4.48E-09		-1.56E-10		-1.48E-07		-2.19E-07		2.48E-07				1000				3.49E-06

		-6.04E-10		-1.56E-10		3.71E-09		-5.49E-08		3.12E-07		-3.93E-07				0				-7.60E-07

		1.78E-07		-1.48E-07		-5.49E-08		5.97E-05		-3.00E-05		3.01E-05				0				2.98E-05

		-1.10E-07		-2.19E-07		3.12E-07		-3.00E-05		2.47E-04		7.38E-05				0				-3.29E-04

		1.63E-07		2.48E-07		-3.93E-07		3.01E-05		7.38E-05		3.13E-04				0				4.10E-04

		3.13E-07				ex						sx				s1

		3.49E-06		z		2.38E-07				0.0000692695		6.93E+04				9.97E+04

		-7.60E-07		-0.0025		4.31E-06		m/m		0.0000739306		7.39E+04				4.35E+04

		2.98E-05				-1.79E-06				0.0000337596		3.38E+04				1.89E+04

		-3.29E-04

		4.10E-04

								Global strains						Global stresses

						z		εx		εy		γxy		σx		σy		τxy

		0		top		-0.0075		8.94E-08		5.96E-06		-3.84E-06		3.35E+04		6.19E+04		-2.75E+04

				middle		-0.005		1.64E-07		5.13E-06		-2.81E-06		4.46E+04		5.36E+04		-2.02E+04

				bottom		-0.0025		2.38E-07		4.31E-06		-1.79E-06		5.58E+04		4.53E+04		-1.28E+04

		30		top		-0.0025		2.38E-07		4.31E-06		-1.79E-06		6.93E+04		7.39E+04		3.38E+04

				middle		0		3.12E-07		3.49E-06		-7.60E-07		1.06E+05		7.75E+04		5.90E+04

				bottom		0.0025		3.87E-07		2.67E-06		2.66E-07		1.43E+05		8.10E+04		8.43E+04

		-45		top		0.0025		3.87E-07		2.67E-06		2.66E-07		1.24E+05		1.56E+05		-1.19E+05

				middle		0.005		4.61E-07		1.85E-06		1.29E-06		4.90E+04		6.89E+04		-3.89E+04

				bottom		0.0075		5.35E-07		1.03E-06		2.32E-06		-2.55E+04		-1.84E+04		4.09E+04





Sheet1

		



εx

εy

γxy



Sheet2

		



σx

σy

τxy



Sheet3

		





		






Example

X Y
S/
E; <E;

[90/0]
- 7)) S .
/ y
S %
90 \
o YO DY
o 2Dt
90 \\
AA — AL AA A
Ex — »y xy E — »y xy
1A Y

yy xx




Example: Define the stress strain field for the simply supported laminate
under the three point bending conditions

Cross-ply, [0,/90,]s, T300/5208 (properties in lecture ll)

P \
A? ’
—b—s
' _ S D!, =936-10 °(mN) "
y | | * [ p,=-852.10"
L 4
t ] -
h,=12510%m, P=100N, L=0.41m, b=0.01m )
(M. | [ My _PL/4b
M=PL4 — M b= 0 =] o
v 0 0
k. DL Dy \Dﬁ M, \ k.= D_M, k.= -234m”
k t=| Dy D, B |{ M, r—> k=DM, —> k=0212m’
k|| R Ry DL [ M k=0 k=0

And the maximum deflection at L/2:



Knowing the strain variation through the thickness:

1- Voriz
_ Wk,

1-v, v,

1- VorViz
=Gy,

<

g (=27 k ¢ k=0212m™

0. =0,m+2(0,+20,\mn* + O, n'

?Jy = (Qu +0, —4Q66)m2122 +0, (m4 +;z4)

EW =Qn +2(Q12 +2Q66)m2/z2 +Q m'
0.=(0,~ 0,20, +(0,~ 0, +20, ) r*'m
?ﬂ. Z(Qu -0, —2966)”2/23 +(Q12 -0, +2Q66)f713/z
0.=(0,+0,-20,-20,)rm + O (n' + m')



[04/90,]s

Layer
number

6
ﬁo 4

2

mid-plane 0 . . . .
-500 -400 -300 -200 -100 0



Layer

number

mid-plane

6

[04/90,]s



Effect of the stacking sequence on the laminate structural behavior

[0,/90,]s [(0/90),4]s
w 000 © 0Ll
o DYDYl ° AN
08006 " OO66E
0w DD ° AN
: E X w OBl
o 0 /N
0 \E 90 \@/@/@/@/@/
0 \\ 0\

Max deflection at L/2=1.95 103 m Max deflection at L/2=2.79 103 m
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Effect of the stacking sequence on the laminate structural behavior

s I [(0/90)4]s
7 i Instead of
& [(04/90,)1s
. I

. I

. I
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) I

o I
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Effect of the stacking sequence
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